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Abstract
A consistent description of the results of the neutrino oscillation
experiments carried out so far can be obtained from three basic prop-
erties of neutrinos and the parameters of the Hamiltonian matrix. Us-
ing these basic neutrino properties, an exact relation for the oscillation
amplitudes of moving neutrinos is derived.
PACS 14.60.Pq
After the discovery of neutrino oscillations [1] it became clear, that the
well known three neutrinos are not independent elementary particles, but
transform into each other [2]. So far, for the analysis of neutrino oscillation
experiments only approximate relations [3] are available. By the present
note an exact relation for the oscillation amplitudes of moving neutrinos is
derived from three basic properties of neutrinos and the parameters of the
Hamiltonian matrix. The basic properties are:
Property 1
The three experimentally observable neutrino states |νe〉, |νµ〉 and |ντ 〉
are called flavor eigenstates. A neutrino |ν〉 is represented in terms of the
flavor eigenstates |νn〉 by
|ν〉 =

 |ν1〉|ν2〉
|ν3〉

 =

 |νe〉|νµ〉
|ντ 〉

 . (1)
A neutrino is a three-dimensional object in an internal flavor space.
Property 2
In general a flavor eigenstate depends on space and time coordinates,
but there exists a special Lorentz frame, in which the flavor eigenstates only
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depend on the time τ . This Lorentz frame is the CM system of a neutrino.
According to quantum mechanics, in the CM system the time evolution
of the flavor eigenstates is given by a unitary transformation
|ν(τ)〉 = e−iH(τ−τ0)|ν(τ0)〉 . (2)
As the generator of a unitary transformation, the Hamiltonian matrix H is
Hermitian and it is time-independent. Thus the time evolution of a neutrino
is in the CM system described by the Schro¨dinger equation
i
∂
∂τ
|ν〉 = H|ν〉 . (3)
As a Hermitian matrix, H is diagonalized by a unitary matrix U
H = U−1MU , (4)
where M is the mass matrix containing the mass eigenvalues mk
M =

 m1 0 00 m2 0
0 0 m3

 . (5)
The matrix U depends on four independent parameters, three rotation an-
gles and one complex phase, and the matrix M depends on three inde-
pendent parameters, the mass eigenvalues mk. The Hamiltonian matrix
H is completely described by these parameters. Within the framework of
the Standard Model of elementary particle physics the Hamiltonian matrix
cannot be derived. It is the task of neutrino experiments to determine its
parameters.
The solutions of the Schro¨dinger equation can be obtained [2] by the
transformation
|ν ′〉 = U |ν〉 , (6)
where the mass eigenstates |ν ′k〉 are the components of |ν ′〉, and the mass
eigenstates |ν ′k〉 and the flavor eigenstates |νn〉 are transformed by
|ν ′k〉 =
∑
n
Ukn|νn〉 and |νn〉 =
∑
k
U−1nk|ν ′k〉 =
∑
k
U∗kn|ν ′k〉 . (7)
With (4) and (6) the Schro¨dinger equation turns into the eigenvalue equation
i
∂
∂τ
|ν ′〉 =M |ν ′〉 , where i ∂
∂τ
|ν ′k〉 = mk|ν ′k〉 , (8)
and the mass eigenstates are the solutions
|ν ′k(τ)〉 = e−imk(τ−τ0)|ν ′k(τ0)〉 . (9)
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Property 3
At the moment of creation or annihilation a neutrino takes on a pure
flavor eigenstate.
The initial state |νi(τ0)〉 at time τ0 is a pure flavor eigenstate carrying
the initial flavor i = e, µ, τ . Its components are the flavor eigenstates
|νni(τ0)〉 = δni|ν0〉 , (10)
where |ν0〉 is a neutrino state normalized to 〈ν0|ν0〉 = 1.
Using (7) the initial flavor eigenstates |νni(τ0)〉 transform into the initial
mass eigenstates
|ν ′ki(τ0)〉 =
∑
n
Ukn|νni(τ0)〉 =
∑
n
Uknδni|ν0〉 = Uki|ν0〉 , (11)
and the time evolution of the mass eigenstates (9) results in
|ν ′ki(τ)〉 = e−imk(τ−τ0)Uki|ν0〉 . (12)
Hence the time evolution of the flavor eigenstates is given by
|νni(τ)〉 =
∑
k
U∗kn|ν ′ki(τ)〉 =
∑
k
U∗knUkie
−imk(τ−τ0)|ν0〉 . (13)
Thus the probability amplitude Afi(τ) for the neutrino |νi(τ)〉, produced
with the initial flavor i, to be observed in the pure flavor eigenstate |νf 〉
with the final flavor f is obtained
Afi(τ) = 〈νf |νi(τ)〉 =
∑
n
〈ν0δfn|νni(τ)〉 =
∑
k
U∗kfUkie
−imk(τ−τ0) . (14)
This well known expression [3] contains oscillation terms and describes neu-
trino oscillations in the CM system. Now we investigate neutrino oscillations
of moving neutrinos.
Describing a free neutrino moving in x-direction by solutions of the Dirac
equation, it is formed by plane waves, which can be represented by mass
eigenstates
|ν ′ki(x, t)〉 = e−i(Ek(t−t0)−pk(x−x0))Uki|ν0〉 , (15)
where Ek and pk are the energy and the momentum of a wave and t and
x denote the coordinates in the Lab system. Requiring that these waves
remain invariant, when the neutrino is described at rest by (12) or in motion
by (15), implies
mk(τ − τ0) = Ek(t− t0)− pk(x− x0) . (16)
3
With γ2 − β2γ2 = 1, this requirement is fulfilled by the basic relations
t− t0 = γ(τ − τ0) , x− x0 = βγ(τ − τ0) (17)
and
Ek = γmk , pk = βγmk . (18)
An oscillating neutrino is not an eigenstate of energy or momentum.
However, it has a well defined energy expectation value 〈E〉 and momentum
expectation value 〈p〉. In order to obtain the oscillation amplitude Afi for
moving neutrinos, the neutrino momentum expectation value 〈p〉 can be
used. It is defined by
〈p〉 = 〈νi(x, t)| − i ∂
∂x
|νi(x, t)〉 = 〈ν ′i(x, t)U | − i
∂
∂x
|U−1ν ′i(x, t)〉
= 〈ν ′i(x, t)| − i
∂
∂x
|ν ′i(x, t)〉 , (19)
since U does not depend on x. Using (15) and (18) results in
〈p〉 =
∑
k
〈ν ′ki(x, t)|− i
∂
∂x
|ν ′ki(x, t)〉 =
∑
k
U∗ki pkUki = βγ
∑
k
|Uki|2mk . (20)
Since due to (4) the diagonal elements of H are
Hii =
∑
k
|Uki|2mk , (21)
we finally obtain
〈p〉 = βγHii . (22)
The oscillation amplitude Afi(τ) which is given by equation (14) de-
pends on the time difference τ − τ0 elapsed in the CM system. For a moving
neutrino this time difference can be expressed in terms of quantities observ-
able in the Lab system. During τ −τ0 a neutrino travelling with the velocity
β in the Lab system will move there over a distance L given by (17)
L = x− x0 = βγ (τ − τ0) . (23)
The Lorentz factor βγ can be obtained from (22) resulting in
τ − τ0 = Hii L〈p〉 . (24)
Thus the oscillation amplitude Afi can be rewritten in terms of quantities
of the Lab system
Afi =
∑
k
U∗kfUki e
−imk(τ−τ0) =
∑
k
U∗kfUki e
−imkHii
L
〈p〉 . (25)
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This is the main result, derived from the three neutrino properties intro-
duced before. It depends on seven arbitrary parameters, which have to be
determined by experiment and leads in general to complicated expressions.
In many cases some simplifications can be made. As an example, an
experimentally well justified approximation of Afi for νµ ↔ ντ oscillations
is obtained by making two assumptions.
Assumption 1
With regard to neutrino oscillations, νµ and ντ are indistinguishable.
The Schro¨dinger equation is invariant under exchange of a νµ with a ντ .
Thus H is approximated by
Hˆ =

 A B BB C D
B D C

 . (26)
The matrix Hˆ is diagonalized by
Uˆ =
1√
2


√
2 c1 s1 s1
−√2 s1 c1 c1
0 −1 1

 . (27)
Choosing as a suitable parameterization of U
U =

 c1 s1 0−s1 c1 0
0 0 1



 c2 0 −s2e
−iδ
0 1 0
s2e
iδ 0 c2



 1 0 00 c3 s3
0 −s3 c3

 ,
s2n + c
2
n = 1, (28)
the matrix Uˆ results from U for the parameters
s2 = 0, s3 =
1√
2
. (29)
The experimental data [1], [4] obtained so far are consistent with these pa-
rameters. Future experiments will show, to which extent this symmetry is
realized.
Assumption 2
νµ and ντ form a two-state system. We switch off νe oscillations. Thus
B is approximated by
B =
1√
2
s1c1(m1 −m2) = 0 , (30)
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where (4) and (27) were used. Since we know from experiment [5], that
|m2 −m1| ≪ |m3 −m2|, we choose the parameters
m1 = m2 , (31)
whereas s1 remains arbitrary, and obtain from (21) and (27)
Hˆ22 = Hˆ33 = C =
1
2
(s21m1 + c
2
1m2 +m3) =
1
2
(m2 +m3) . (32)
Inserting Uˆ and m1 = m2 into (25) results in the approximate oscillation
amplitudes Afi and the corresponding oscillation probabilities Pfi = |Afi|2
for neutrinos moving over a distance L
Aµτ = Aτµ = 1
2
(
s21e
−im1(τ−τ0) + c21e
−im2(τ−τ0) − e−im3(τ−τ0)
)
=
1
2
(
e−im2(τ−τ0) − e−im3(τ−τ0)
)
Pµτ = Pτµ = sin
2
(
m2 −m3
2
(τ − τ0)
)
= sin2
(
m2 −m3
2
m2 +m3
2
L
〈p〉
)
= sin2
(
m22 −m23
4
L
〈p〉
)
Aµµ = Aττ = 1
2
(
s21e
−im1(τ−τ0) + c21e
−im2(τ−τ0) + e−im3(τ−τ0)
)
Pµµ = Pττ = cos
2
(
m22 −m23
4
L
〈p〉
)
. (33)
This example shows that equation (25) results in the well known simple
relations for νµ ↔ ντ oscillations, after the appropriate approximations for
the oscillation parameters have been made. However, the main advantage of
equation (25) is to allow for exact calculations of the amplitudes of neutrino
oscillations.
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